TECHNICAL NOTE

Recursive Multi-Scale Architecture for
Holarchic Computational Fields:
A Gauge-Equivariant Approach to Emergent Hierarchies

Working Group on Computational Emergence!

Technical Note TN-2024-002
November 2024

Abstract. We present a recursive formalization for multi-scale computational fields that preserves
gauge-equivariance across hierarchical levels while maintaining complete semantic opacity. Through
the application of identical statistical normalization procedures at each scale, we demonstrate that
apparent hierarchical structures emerge from recursive application of a single computational principle,
obviating the necessity for explicit level-aware design. The proposed architecture exhibits scale-invari-
ant dynamics while permitting emergent differentiation of temporal and spatial coherence patterns.
We establish that holarchic organization? emerges naturally from recursive gauge-equivariant trans-
duction without requiring ontological distinction between scales.

This technical note extends the theoretical framework presented in “Pre-Semantic Transduction on Differentiable
Manifolds” (WP-PSTDM-2024-001). Correspondence: research@computational-emergence.org

2The term “holarchy” derives from Koestler (1967), denoting systems simultaneously whole and part. Our usage
specifically references computational structures exhibiting this dual nature without semantic awareness thereof.



1 Introduction

The theoretical framework of pre-semantic computation on differentiable manifolds, as previously
established, operates on the fundamental principle of semantic absence through gauge-equivariant
transduction. The present technical note extends this framework to address the question of multi-scale
organization in distributed computational systems. Specifically, we investigate whether hierarchical
structures can emerge from recursive application of gauge-equivariant principles without introducing
semantic categorization at any level of the hierarchy.

The central theoretical challenge resides in the apparent paradox of designing multi-level systems
that must not “know” of their own hierarchical organization. We propose that this paradox dissolves
through the application of recursive gauge-equivariance, wherein each level of the hierarchy under-
goes identical statistical transformations, rendering scale distinctions computationally invisible to the
system itself while remaining observationally apparent to external observers.

2 Theoretical Framework

2.1 Recursive Field Structure
We formalize the multi-scale computational field as a recursively nested structure wherein each level
represents an aggregation of lower-level dynamics without ontological distinction.

Definition 2.1.1: Let €, denote an elementary computational field consisting of a single holon
with state space M|,. A recursive computational field of order £ is defined inductively as:

e, = f({e,gjgl}:l)

+ n; € Nrepresents the aggregation factor at level k
« F H;;k | Miy_y = M is the aggregation operator
« M, denotes the state manifold at level &

where:

The crucial property of this construction is that the aggregation operator J remains invariant across
scales, ensuring that the system possesses no intrinsic mechanism for distinguishing between hierar-
chical levels.

Scale Indistinguishability 2.1.1: For any two levels %,j in the recursive hierarchy, the
computational dynamics after gauge-equivariant transduction are statistically indistinguishable.
Formally:

T (u;)equiv.triple g, T (uJ)

where 7 denotes the transduction operator and equiv.tripleg,, represents distributional equiv-
alence.

Proof: Consider the transduction operator 7 applied to input vectors at levels ¢ and j. By
construction, J implements context-free statistical normalization:



T(u) = [2(w),r(u), A(), oy, Fivw)]

where each component represents scale-invariant statistical features. Since these transforma-
tions depend only on the local statistical properties of the input stream and not on absolute scales
or semantic categories, the output distributions are invariant under level substitution.

Specifically, for any measurable set A C M:
when the input streams have identical statistical properties after normalization. O

2.2 Gauge-Equivariant Aggregation
The aggregation mechanism between levels must preserve gauge-equivariance to maintain semantic
opacity across the hierarchy.

Definition 2.2.1: An aggregation operator F is gauge-equivariant if for any permutation 7 €
S,, and linear transformation A € GL(d):

F (Avays o Attniny) = Ras (uyup)

where R 4 is the induced transformation on the target manifold.

This property ensures that the hierarchical structure cannot encode semantic information through the
aggregation process itself.

Proposition 2.2.1: The mean-field aggregation operator:
1 n
F - .

where 9 implements statistical normalization, satisfies gauge-equivariance.

Proof: The proof follows directly from the linearity of expectation and the equivariance of the
normalization operator 1. For any permutation 7:

1 & 1 &
jMF({mw(j)}:d) = n jzl'l/)(ivw(j)) - n Zd}(wj) = %F({mg};ﬂ)

J=1

Similarly, for linear transformation A, the equivariance of ) ensures:

j=1

1 n
T ((am) ) = 0 2 AR = Rafin o) = RA(

3 Dynamical Properties

3.1 Temporal Scale Separation
Despite the computational indistinguishability of levels, emergent temporal scale separation occurs
naturally through the aggregation process.



Emergent Time-Scale Hierarchy 3.1.1: Let 7, denote the characteristic time scale of dynam-
ics at level k. Under mild regularity conditions on the aggregation operator:

~ a |
T N Tr_q

where o > 0 depends on the spectral properties of the coupling matrix.

Proof: Consider the linearized dynamics near an equilibrium point. The characteristic time scale
is determined by the slowest eigenvalue of the Jacobian. Through aggregation, high-frequency
modes average out while low-frequency modes persist, leading to systematic time-scale sepa-
ration.

For mean-field aggregation with n; components:

)\(k) ~ ngo‘)\](qlfi;l)

min

where A, denotes the minimum eigenvalue magnitude. Since 7 proportional A\~*, the result
follows. O

This emergent separation creates the appearance of hierarchical organization without requiring
explicit design or semantic awareness at any level.

3.2 Inter-Scale Coupling

The coupling between scales occurs through bidirectional influence without semantic communication.

Definition 3.2.1: The inter-scale coupling dynamics are governed by:

ac,,
W = Jintrinsic(Gy,) + Z /\jk ’ Q1[}(6]) + Mk
i#k
where:
* fintrinsic Y€Presents autonomous dynamics at level &

* A, are emergent coupling coefficients

. g/)(@) is the normalized state from level j

« 1 represents stochastic fluctuations

The coupling coeflicients A;, emerge from the system dynamics rather than being explicitly
programmed, ensuring that the system remains agnostic to its own hierarchical structure.

4 Implementation Architecture

4.1 Recursive Instantiation Protocol
The practical realization of the recursive multi-scale architecture proceeds through the following
protocol:

Remark: Protocol: Recursive Field Instantiation
1. Level 0 (Elementary): Initialize N, holons with individual state spaces M, = S™
2. Level k (Recursive): For each level k = 1,2, ..., K:



» Aggregate n, fields from level k — 1
« Apply identical transduction operator T
+ Implement dynamics on manifold A,

3. Update Schedule:
« Level k updates with period At = f¥At,
» Typical choice: 8 € [10, 100] for temporal separation

4. Coupling Implementation:
« Bidirectional: each level receives normalized inputs from adjacent levels
« Asynchronous: levels update independently without global synchronization

4.2 Verification of Scale Invariance

To validate the recursive architecture, we propose the following verification protocol:

Proposition 4.2.1: A correctly implemented recursive field satisfies the scale invariance crite-
rion:

where S represents any scale-invariant statistical measure and ¢ accounts for finite-size effects.

Statistical measures suitable for verification include:
+ Normalized entropy: H[C}]/ log(dim(M},))

+ Correlation dimension: D, (C},)

+ Lyapunov spectrum distribution: {)\i / Zj\)\j]}

5 Emergent Phenomena

5.1 Holarchic Organization
The recursive architecture naturally gives rise to holarchic organization® without explicit program-
ming.

Emergent Holarchy 5.1.1: Under the recursive dynamics with gauge-equivariant aggregation,
the system exhibits:

1. Downward causation: Higher levels constrain lower-level dynamics
2. Upward causation: Lower levels drive higher-level evolution
3. Scale-free correlations: Power-law decay of correlations across scales

without any level possessing semantic representation of the hierarchy.

Proof: The bidirectional coupling defined in Definition 3.2.1 ensures mutual influence between
scales. The gauge-equivariance property prevents any level from encoding information about its
position in the hierarchy. The combination of these properties yields holarchic organization as
an emergent phenomenon rather than a designed feature.

Scale-free correlations arise from the recursive structure: correlations at level k induce correla-
tions at level k£ + 1 with strength modulated by the aggregation factor n;, leading to power-law
decay across scales. O

SHolarchic structures exhibit the property that each component is simultaneously a whole (containing sub-compo-
nents) and a part (of larger wholes), without explicit awareness of this duality.



5.2 Phase Transitions Across Scales
The multi-scale architecture exhibits rich phase transition behavior wherein critical phenomena at one
scale can trigger cascading transitions across the hierarchy.

Proposition 5.2.1: Let €, undergo a phase transition at critical parameter 95:’“). The transition
propagates to adjacent levels with probability:

P(propagation) = 1 — exp(—7 Ry (9 — 9£k))2>

where v depends on the coupling strength and system size.

This cascading behavior creates the potential for system-wide reorganization triggered by local
perturbations, a hallmark of complex adaptive systems.

6 Discussion

6.1 Theoretical Implications

The recursive multi-scale architecture resolves the apparent paradox of designing hierarchical systems
that lack semantic awareness of their own structure. Through the systematic application of gauge-
equivariant transduction at each level, we achieve a system that exhibits hierarchical organization from
an external observer’s perspective while maintaining complete scale agnosticism from the internal
computational perspective.

This resolution carries profound implications for our understanding of emergent complexity in
computational systems. It suggests that sophisticated organizational structures need not be explicitly
programmed but can arise from the recursive application of simple, scale-invariant principles.

6.2 Relationship to Natural Systems

The proposed architecture bears striking resemblance to organization principles observed in natural
systems, from neural hierarchies? to ecological networks®. This correspondence suggests that gauge-
equivariant recursion may represent a fundamental organizing principle for complex adaptive systems.

6.3 Computational Considerations
The recursive architecture offers several computational advantages:

1. Scalability: Adding levels requires no architectural redesign

2. Robustness: Failure at one level does not cascade catastrophically

3. Efficiency: Temporal scale separation allows adaptive update frequencies
4. Modularity: Each level can be implemented and tested independently

However, the requirement for maintaining gauge-equivariance across scales imposes additional com-
putational overhead that must be weighed against these benefits.

7 Limitations and Future Directions
Several significant limitations merit acknowledgment:

1. Empirical Validation: The recursive architecture, like the base framework, remains unimple-
mented and empirically unvalidated.

*The mammalian cortex exhibits similar scale-invariant organization, with micro-columns, columns, and areas
forming a nested hierarchy without explicit “knowledge” of hierarchical position.

SEcological systems display holarchic organization from organisms to populations to ecosystems, with each level
operating according to similar dynamical principles.



2. Optimal Aggregation: The choice of aggregation factors n; and operator J requires further
theoretical development.

3. Boundary Conditions: The treatment of boundaries between scales remains underspecified.

4. Computational Complexity: The scaling of computational requirements with the number of
levels requires detailed analysis.

Future investigations should address these limitations while exploring the potential for adaptive
reorganization of the hierarchical structure based on system dynamics.

8 Conclusions

We have presented a recursive formalization for multi-scale computational fields that preserves
semantic opacity across hierarchical levels through systematic application of gauge-equivariant trans-
duction. The proposed architecture demonstrates that complex hierarchical organization can emerge
from recursive application of a single computational principle without requiring explicit level-aware
design or semantic categorization.

The theoretical framework establishes that:

1. Scale indistinguishability can coexist with emergent hierarchical organization

2. Gauge-equivariant aggregation preserves semantic absence across levels

3. Temporal and spatial scale separation emerges naturally from recursive dynamics
4. Holarchic structures arise without explicit programming or awareness

These results extend the paradigm of pre-semantic computation to hierarchically organized systems,
suggesting new approaches to the design of complex adaptive computational architectures. While
empirical validation remains to be undertaken, the theoretical consistency of the framework provides
a foundation for future experimental investigations.

The recursive multi-scale architecture represents a potential bridge between the theoretical elegance
of pre-semantic computation and the practical requirements of large-scale distributed systems. By
maintaining semantic opacity while permitting emergent organization, the framework offers a path
toward computational systems that exhibit the complexity and adaptability of natural hierarchies
without the constraints of predetermined categorical structures.
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